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Kinetics of DNA-coated sticky particles
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DNA-functionalized particles are promising for complex self-assembly due to their specific controllable
thermoreversible interactions. However, there has been little work on the kinetics and the aggregation rate, which
depend on the rate of particle encounters and the probability that an encounter results in particles sticking. In
this study, we investigate theoretically and experimentally the aggregation times of micron-scale particles as a
function of DNA coverage and salt concentration. Our 2-um colloids accommodate up to 70 000 DNA strands.
For full coverage and high salt concentration, the aggregation time is 5 min while for 0.1 coverage and low salt it
is 4 days. A simple model using reaction-limited kinetics and experimental oligomer hybridization rates describes
the data well. A controlling factor is the Coulomb barrier at the nanometer scale retarding DNA hybridization.
Our model allows easy measurements of microscopic hybridization rates from macroscopic aggregation and

enables the design of complex self-assembly schemes with controlled kinetics.
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I. INTRODUCTION

DNA-functionalized colloids have gained interest because
DNA hybridization gives colloids highly selective thermore-
versible attractions [1,2]. Rapid developments in DNA tech-
nology now allow facile synthesis of specifically designed
DNA sequences easily linked to particle surfaces. Recently,
ordered Face-Centered Cubic (FCC) crystalline structures
from a single component system and Body-Centered Cubic
(BCC) crystals from two different colloids coated with
complementary DNA “sticky ends” (DNA single strands)
have been made [3-5]. This considerable achievement in
the self-assembly field allows us to envision more complex
multistage processes such as self-assembly of clusters [6]
or self-replication at the colloidal scale [7]. For such mul-
tistep processes, thermodynamics controls the structure of
the intermediate product at each stage, whereas the kinetics
controls the time it takes to form the intermediate product.
Models to describe the thermodynamics of particle aggregation
with varying DNA particle coverage have been successfully
developed and compared to experimental data [2,3,7-14].
However, the mechanism of particle pair formation and the
kinetics of aggregation remains poorly studied. This work also
bears on others sticky particles using, e.g., proteins.

II. SYSTEM DESCRIPTION

The system under investigation is a mixture of two popula-
tions of colloids: one population is coated with a DNA strand
(S), and the other is coated with the complementary strand (S’).
When these two populations of colloids are mixed together at
low temperature, they form aggregates due to the hybridization
of S and S’. We have studied the aggregation kinetics and how
it is affected by DNA surface coverage and salt concentration.
The number of active DNA strands on a particle is varied
from ~70 000 (full coverage) to ~1750. Salt concentration,
[NaCl], is increased from 0 to 200 mM. We find that the
particle aggregation kinetics is controlled by the interplay
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particle diffusion and DNA sticky-ends hybridization. The
time two colloidal particles remain within an interaction
region of distance determined by the length L of the DNA
constructs [see Fig. 1(a)] is found to be 7, &~ 30 ms [15,16].
The competing time is 7, the hybridization time for one pair
of sticky ends when particle surfaces are within a distance
2L. If the number of possible bonding configurations is Ng,
then for 7. > 1,/ N, aggregation is diffusion limited. For
7. < 1,/ Ng, aggregation is reaction limited. Of particular
interest in our study is the effect of added salt. Although the
Debye screening length, A, varies only from 1.6 to 0.6 nm
[17,18], i.e., it remains much smaller than both the particle
radius R, ~ 980 nm and DNA length L ~ 16.8 nm, the
aggregation rate varies over a factor of 300 as salt concentration
is varied (see Fig. 3). This results from a Coulomb energy
barrier between hybridizing DNA backbones. Thus, we can
infer from the measurement of the aggregation time on a
microscopic scale the strength of this energy barrier on a
nanoscale.

III. EXPERIMENT

A. Particle characterization

A schematic illustration of our experimental system is
shown in Fig. I(a). Our particles are streptavidin-coated
polystyrene particles (Streptavidin Microspheres, 2 um, Poly-
science, Inc., 1.25% polydispersity). Our DNA constructs
consist of a 61-nucleotide oligomer (IDT, Coralville, 1A),
attached via a short poly (ethylene glycol) spacer to a 5’
biotin group and hybridized from its 5" end to 49-nucleotide
complementary strands (CS). DNA is purified by polyacry-
lamide gel electrophoresis (PAGE) before being coated on the
particles. In our experiments, we use three kinds of DNA.
Two of them (S and S’) are complementary to each other
on the 3’ end. The third, “neutral,” DNA (N) only has 11
bases of thymine on the 3’ end. The particles are coated with
DNA S(S/) and DNA N in the ratio X = nS(S/)/[ns(Sr) + }’lN],
where ngs) and ny are respectively the number of DNA
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FIG. 1. (Color online) (a) Schematic representation of the system.
The aggregation kinetics relates to the microscopic hybridization
time of single DNA strands S and S'. (b) Time evolution of the singlet
fraction vs temperature for a surface coverage of 1 DNA per (59 nm)?,
x = 0.05. (c) Same data as in (b) plotted as singlet fraction vs time
for different temperatures.

S(S’) and DNA N per particle [10-12]. For x = 1 the surface
coverage is 1 active DNA/(13 nm)?. To stabilize the particles,
experiments are performed in buffer containing surfactants:
10 mM phosphate-buffered saline (PBS), 50 mM NacCl, 0.15%
w/w sodium lauryl sulfate (SDS), and 0.5% w/w pluronic
F127, in a capillary (0.2 mm in height, 2 mm in width,
and 5 cm in length). Experiments with noncomplementary
particles at twice the concentration of SDS and F127 show no
signs of depletion interactions in the entire temperature and
concentration range studied.

The aggregation develops as essentially a two-dimensional
(2D) process, since our particles reside within a gravitational
height ~kgT/Amg ~ 2.2 um, about particle diameter, from
the cell bottom (k3T is thermal energy). The 2D concentration
of particles is C), = 0.01 particle/um?.

B. Measurements of aggregation times

To measure the melting curves and the time-dependent
behavior of particle aggregation our sample is placed on
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a temperature gradient stage on a light microscope (see
Appendix A). To quantitatively characterize colloidal aggre-
gation, we measured the fraction of nonaggregated particles
or the “singlet fraction.” Since the system is basically two-
dimensional, we can determine the singlet fraction by (1)
taking an image of colloids, (2) identifying single particles and
particle aggregates by their area, and (3) the singlet fraction of
the image f = areas of single particles/total areas of particles
[10-12]. Therefore, we can monitor f(7) as a function of
time at different distances along the gradient until f(7) is
independent of time. The results for y = 0.05 are shown in
Fig. 1(b). Similarly, we can find how f(7T') decays with time at
several temperatures, as shown in Fig. 1(c). Note that for fixed
coverage, x, the characteristic time to form an equilibrium
singlet fraction is approximately independent of temperature,
Fig. 1(c). The experiment was performed for x = 0.025,
0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.75, and 1. The corresponding
melting temperatures 7,,’s, defined as f(7,,) = 0.5, are 22 °C,
28.4°C, 34.5°C, 41.5°C, 44.3°C, 45.4°C, 46.9°C, 48.3°C,
and 50.3°C.

The singlet fraction as a function of time for each y is shown
in Fig. 2(a). For each yx the temperature is chosen to be low
enough for particles to fully aggregate, i.e., f(7T,t) approaches
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FIG. 2. (Color online) (a) Singlet fraction vs time for
each sticky-end DNA coverage ratio x at a correspond-
ing fixed temperature. From left (blue) to right (red), x =
1, 0.75, 0.5, 0.4, 0.3, 0.2, 0.1, 0.05, and 0.025 respectively. The
corresponding temperatures are 42 °C, 40°C, 38°C, 36°C, 36°C,
33°C, 25°C, 22°C, and 12°C respectively. The solid curves are
the fit curves from Eq. (1). The intersection of the dashed line
and the solid curve indicate the characteristic aggregation time
7. (b) The characteristic aggregation time t vs. possible bonding
configurations Ng. The blue dots are the experimental data. The red
curve is determined by Eq. (9) with A = 1 nm, tpa = 313 s, and

%, =230 ps.
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FIG. 3. (Color online) The characteristic aggregation time 7 vs
Debye Hiikel screening length A, for x = 0.1. The blue dots are
the experimental data. The red curve is determined by Eq. (9)
with x = 0.1, equivalently Ng = 25. The dashed curves indicate
the uncertainty of the model due to the uncertainties of tppa, TS;\), A
X, and total DNA coverage on the particles.

zero ast — 00. Typically we choose T to be ~8 °C below T,,,.
To understand the results presented in Fig. 2(a), we consider
koft
. N . Y . .
the “chemical” reaction: n; + n; = ny, where n; indicates the
on
ij
number density of clusters with i particles, while k?;" and kiojff
are the association and dissociation rates respectively. In the
low-temperature regime in which we are working, we can
assume k°T — 0. This is then the classical Smoluchowski
coagulation [19,20], with functional form and characteristic
time expressed as follows:

ni(r) 1 1

1) = , T= .
0= TG

(1)

Here Cyp = C,/2 = 0.005 particles/ wum? is the concentration
of particles of one particular type, i.e., coated with either DNA
S or S'. Equation (1) provides an excellent fit to our data, as
indicated by solid lines in Fig. 2(a), which allows us to extract
a characteristic aggregation time 7 for each x by defining
f(t =1t)=4/9. Our measured 7 increases from 5 min for
x = 1to 11 hfor x = 0.025 [see Fig. 2(b)] [21]. Furthermore,
we performed experiment at x = 0.1 for salt concentrations
ranging from [NaCl] = 0 to 200 mM [18], and the fit of Eq. (1)
to the data (not shown) remains excellent. The characteristic
aggregation time 7 increases from 7.3 min for 200 mM to 79 h
for 0 mM (see Fig. 3).

IV. MODEL

A. Two-dimensional reaction rates

To gain an insight into the nature of aggregation time t and
its sharp dependence on salt, we consider a steady 2D diffusion
of particles along the cell bottom. We impose a reaction
boundary condition [22,23] to account for the fact that our
particles may diffuse into and out of a reaction region before
the sticky ends have time to hybridize (which corresponds
to the crossover from diffusion-limited to reaction-limited
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aggregation [24,25]):

1d| d .
——|r—C(r)| =0 stationary process
rdr| dr
d 1 .
ZDd_C|2Rp = —LClpg, boundary condition 2)
r T,

1
/JnTo 2nrC(r)dr =1 normalization,
2R,

where 7, is the reaction time of a pair of particles with comple-
mentary sticky-end DNA on their surfaces staying within the
reaction region (thickness L). The solution of Egs. (2) gives the
spatial dependence of the particle concentration C(r), the rate
of particle aggregation from Fick’s law £°", and the aggregation
time 7 (see Appendix B),

7,

T = TpLAa + m ) (3)
where
—In (4neR§ Co)
TpLA = 87T—DC0 4)

In our case, tpia ~ 70 s. For 1, — 0, the result is two-
dimensional diffusion-limited aggregation (DLA). This is
equivalent to setting C|og, = 0 in the second of Egs. (2) where
each collision leads to aggregation.

B. Number of bonding configurations Ng

We here are mostly interested in the deviations from
Smoluchowski DLA, coming from a finite value of 7,: These
are enhanced by slow hybridization of the sticky ends and
reduced by the number of possible bonding configurations
Ng. We assume that Ng =~ g, N,, where N, is the number
of DNA strands in an accessible patch on a particle and g,
is the number of complementary DNA strands on a particle
accessible to a DNA strand on the corresponding opposing
particle [10-12]. In our case, N, =~ 300 and g, ~ 9 for full
coverage and a particle surface separation of 7 = 16.8 nm.

For a particle of radius R, with a surface separation of
h from a neighboring particle, N, ~ pA, with p the surface
DNA strand density, and A ~ 7 R,(2L — h), the area of a
patch from which strands can bridge between the particles.
With these approximations N, ~ 7w R,(2L — h)p and g, ~
wp(4L? — h?) [10-12]. For less densely coated particles, we
obtain a value of N, and g; by simulation [12]. We randomly
distribute 47 Rf, p strands homogeneously on a particle surface
and count N, and g, with a similarly prepared particle at the
surface separation of a distance 4. After determining N, and
8», We can approximate Ng ~ g, Nj.

Knowing Ng, we determined 7, & 1,/ Ng, where 1, is the
hybridization time for one pair of sticky ends. It is this 7;, that
is crucial, because it depends on the salt.

C. Rotational search time for DNA strands

We now want to relate 7, the hybridization time of the
sticky ends on our DNA constructs, to TpNa, the hybridization
time for two complementary oligomers with the same sequence
as our sticky ends if they were contained in a volume of length
scale of their own radius of gyration, R, [see R, in Fig. 1(a)].
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This problem is somewhat similar to the previous one, because
hybridization can be either diffusion or reaction limited.
Indeed, every sticky end diffuses, with angular or rotational
diffusion constant, Dy = kT /87 nL? (n is solvent viscosity),
along a hemisphere of area ~27 L? at the end of rigid double-
stranded DNA of length L attached to the particle surface
[Fig. 1(a)]. The problem of binding two sticky ends from op-
posing particles is similar to the attachment of patches on two
hemispheres of radius L held in contact but allowed to rotation-
ally diffuse [26,27]. From Ref. [26], we know that the time for
aligand and a receptor to meet each other by rotional diffusion
is mostly determined by the relative capture surface, which is
the ratio of the area of the ligand or receptor and the surface
area of the sphere as shown in Fig. 4(a). Similarly, in our case,
as shown in Fig. 4(b), since DNA sticky ends only can be
hybridized together when they are both in the red area, we can
adapt the concept of Fig. 4(a) to Fig. 4(b). We can find that the
time for a pair of complementary sticky ends to meet each other
by the rotational diffusion of their dsSDNA backbones can be
estimated as Dy 'In 4/a [see Eq. (14) of Ref. [26]], where

(a) Ligand Receptor

FIG. 4. (Color online) (a) A pair of spheres with reaction patches
held in contact. The red patches are a ligand for the green sphere (left)
and a receptor for the blue sphere (right). The two spheres are held
in contact and are allowed to rotational diffuse. The ligand-receptor
reaction will be triggered when the ligand and the receptor touch
each other by the rotational diffusion of the spheres. (b) A pair of
complementary DNA strands attached to colloidal surfaces. Since the
backbones of the DNA strands can rotate freely, the spatial diffusion
space of the each sticky end is the surface of a hemisphere with a
radius L. The overlapping area of the two hemispheres is the red ring.
These two DNA sticky ends can only hybridize when they are both
in the ring. Hence, the ring is like the reaction patch in (a). (c) The
angle for the sticky end to rotationally diffuse its own size.

PHYSICAL REVIEW E 88, 022304 (2013)

our relative capture surface « = (2wd Rg)/(Zan), in which
2w dR, is the red area and 27 L is the surface area of the
hemisphere. For each pair of complementary DNA strands, d
depends on the distance between them. If the base distance
between a pair of DNA strands is £, then d = /L% — (h/2)%.
If the base distance between a pair of DNA strands is 2L, then
d = 0. Hence, \/L? — (h/2)* > d > 0. For a good estimate of
the average of «, we choose & ~ (2ndR,)/(2mw L?), where d

= %w/L2 — (h/2)? ~ 7.2 nm. Putting all the above equations
and parameters together, we can estimate the rotational search

time 7, as
1 27 L2 _ L?*In4

g, —Ind/a~ —Ind——— = —.
Dy Dy 2rdR,  DydR,

(&)

D. Rotational transit time

By following the same logic of estimating colloidal ag-
gregation time 7, which needs colloidal diffusion time ppa,
colloidal collision time 7., and colloidal reaction time t,, we
need to further estimate the collision time or, to distinguish
the term usage from colloids, the rotational transit time for
DNA strands, 75. As shown in Fig. 4(c), once a pair of DNA
sticky ends encounter each other by rotational diffusion of
their dsSDNA backbones, they will stay within binding range
until they diffuse apart or until hybridization occurs. Hence,
the rotational transit time 7y is the time for the pair of DNA to
relatively diffuse a solid angle ~ (R,/L)*, which gives

1 (R,\*
~—(Ze) 6
K 8D9<L> ©

In our case, 7y ~ 0.1 us.

E. Intrinsic DNA hybridization time

For a pair of complementary DNA strands to hybridize if
they are held within their gyration radius R, they need to
undergo a period of time tpna. Hence, similarly, if 7y >> tpna,
DNA hybridization is diffusion limited. If 75 < tpna, DNA
sticky ends need to undergo several encounters before they can
hybridize. By following such logic along with the previously
estimated rotational searching time and transit time for DNA
sticky ends, we can easily estimate the hybridization time of
the sticky ends on our constructs, t;, as

T, ~ rotational search time x (1 + encounters needed)
L*In4 T
~ o4 2N 7)
Dg dR g Ty
pNa 18 now salt dependent due to the electrostatic repulsion
between DNA strands which forms a barrier to hybridization,

0
TDNA = Tl()I\)JAeU(A)/kBT, 8)

where U (A) is the energy barrier for a pair of complementary
DNA strands to hybridize from being infinitely apart and A is
Debye screening length [17]. Combining Egs. (3), (4), (7), and
(8), our kinetic model then takes a final form as follows:

.L.(O) UMW/ ksT
‘E%TDLA{I—FA[I—{-—DNAT :|}, (9)
0
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where
4DL1n?2

NG Dy RpRed In 5

A

, (10)

which can be interpreted as the ratio of binding time to resident
time in a binding region.

F. Energy barriers of hybridization
To use Eq. (9), the barrier U(X) has to be quantified.
However, there are few studies of this barrier [28-32]. For
the sake of estimate, we model this barrier very crudely, as a
screened Coulomb repulsion,

Q* 1

dmeeg a

>

UML) ~

(1)

between two charges Q a distance a apart [33]. We take
a ~ 2.5 nm, about the diameter of dsDNA. The value of
effective charge Q is a more delicate issue. The full charge of
sticky ends in our experiment is — 1 1¢; however, some fraction
of it must be compensated by Manning condensation [34]. The
exact compensated fraction is difficult to determine, because
the very concept of condensation is questionable for ssDNA,
and, moreover, we need the amount of condensation at the top
of the barrier, when DNA is neither single nor double stranded.
For the curves shown in Fig. 3 we assume no Manning
condensation. A very similar curve results if we take the
actual positions of 11 singly charged phosphate groups along
with a screened interaction or if we accept a 0.25 Manning
condensation, Q = —11 x (0.75¢), and fit a =2 nm [33].
Furthermore, once U(}) is determined, the hybridization time
at high salt, when electrostatics is well screened, can be

estimated from the literature: t]()?\), A A 230 1s[26,31,32,35,36].

V. COMPARISONS OF EXPERIMENTS AND MODELS

After collecting the last ingredient, U (A), we are able to use
our kinetic model, Eq. (9), for comparison with experiments.
The most sensitive variables in our model are the particle
coverage dependence of N and the salt dependence of U(A).
Figure 2(b) shows the relation between 7 and Ng. Although
the variable in our experimental study is the particle coverage,
we are able to determine the value of Ng for every particle
coverage based on geometry considerations. Therefore, the
agreement between experiment and model indicates both that
the model is reasonable and that we have a good handle on
evaluating Ng from geometry. We apply Eq. (9) to the data in
Fig. 2(b) by setting A = 1 nm and treating tpy 5 and ‘L']()(;)I A asthe
fitting parameters. The fitting results are tppa = (313 £27) s
and 1%, = (230 £ 50)us.

For tppa, the experimental result is almost 5 times larger
than the calculation [see Eq. (4)]. This discrepancy can be
explained by the fact that the experimental system is not really
2D. Particles can diffuse in the third dimension limited by an
exponential atmosphere profile at the gravitational height. The
result is a longer diffusion-limited aggregation time than an
ideal 2D system.

For rl()(;\)]A, we do not have theoretical estimate, but we
compare our experimental result with measurement data
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available in literature, which is about 230 s [26,31,32,35,36].
We found complete consistency of these results.

In Fig. 3, we show measurements of [NaCl] dependence of
the aggregation time t and a comparison with our model.
Having fixed tpra and r](ﬁ\), A there remain no adjustable
parameters in the predicted behavior. Together Fig. 2(b) and
Fig. 3 show remarkable agreement of experiments with our
simple model.

VI. CONCLUSIONS

In conclusion, the kinetics of aggregation of sticky particles
and in particular their aggregation rate is reduced from the
conventional diffusion-limited result by a kinetic factor of
rh;}vc' A particle diffuses into and out of a reaction zone in
time 7, and must make many additional attempts if the reaction
time 7,/Ng > 7.. This represents a well-known crossover
to reaction-limited aggregation [24,25]. We show that a
simple model appropriate for DNA-functionalized particles
quantitatively describes the phenomena. These results are
important for understanding aggregation and crystallization of
functionalized colloids. Further, they are useful in designing
and optimizing more complex self-assembly processes involv-
ing many steps of reversible and irreversible binding. There is
also much current interest in the kinetics of DNA hybridization
and the binding of proteins and other molecular and nanoscale
constructs. Typically, these reactions occur on a 1070~1073 s
time scale. Using our results, particles coated with these
ligands substituted for the DNA can conveniently be studied
on a minutes-to-hours time scale with simple microscopic
observation or by dynamic light scattering.

ACKNOWLEDGMENTS

We acknowledge partial support from National Aeronautics
and Space Administration under Grant No. NNX08AK04G
and the Materials Research Science and Engineering Center
under Grant No. DMR-0820341 for particle development
and characterization. N.C.S. acknowledges support from
National Institutes of Health Grant No. GM-29554 for DNA
synthesis and characterization, and K.-T.W., L.F., and PM.C.
acknowledge support for thermal and optical data and analysis
from Department of Energy-Basic Energy Sciences Grant No.
DE3C0007991.

APPENDIX A: SETUP OF TEMPERATURE GRADIENT

A schematic diagram of our temperature gradient setup
is shown in Fig. 5(a). Our sample is placed on a copper
plate. Each of the ends of the copper plate are connected
to a peltier, which is attached to the microscope stage. The
microscope stage is specially made of metal with an internal
liquid circulation system through which we flow water from
a temperature-controlled bath. The two ends of the sample
are attached to thermal sensors, which are connected to a
temperature controller. One peltier is controlled by the temper-
ature controller. The other peltier is connected to a dc power
supply. The power supply and the temperature controller are
both computer controlled. We use the proportional-integral-
derivative algorithm (PID) to control cooling and heating
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FIG. 5. (Color online) (a) The schematic diagram of our temper-
ature gradient setup. (b) Monitored temperatures through a 27-day
experiment. The upper (red) dots and lower (blue) dots are the
temperatures measured through the right sensor and the left sensor
as a function of time respectively. Over the period of 27 days, the
averages of the measured temperatures from the left sensor and the
right sensor are (10.1 £ 0.1)°C and (25 £ 0.01)°C, respectively.

[37] on the dc supply. The computer monitors temperatures
throughout the experiment are shown in Fig. 5(b). Typically,
the fluctuations of temperatures measured through either the
left sensor or the right sensor are about 0.1°C. In Fig. 5(b),
the averages of the higher (red) and lower (blue) temperatures
measured through a 27-day experiment are (10.1 £ 0.1)°C and
(25 £ 0.01)°C respectively. Using the PID on one side and the
temperature controller on the other, we are able to create a
temperature gradient which lasts for months and is stable.

APPENDIX B: TWO-DIMENSIONAL COLLOIDAL
AGGREGATION RATES

Our treatment follows the usual aggregation formulation
of Refs. [19,20] but for two dimensions rather than the
usual three. Colloidal aggregation can be categorized into two
regimes: diffusion-limited aggregation (DLA) and reaction-
limited aggregation (RLA). In the diffusion-limited case, the
reaction rate, kpj ,, is dominated purely by particle diffusion
because particles get bound immediately once they touch each
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other. For the reaction-limited case, the reaction rate, kgj , is
dominated by the competition of particle diffusion coefficient
D and particle reaction rate k,, which is defined as the binding
efficiency for a pair of particles during the collision. On the
following, we will discuss the difference of the aggregation
rate for two-dimentional DLA and RLA in the case of the
diluate free particle concentration: Rl% Co < 1.

Since particles basically diffuse freely before colliding, the
free particle concentration distribution C(r) can be described
by Fick’s law as follows:

d

EC =2DV?C, (B1)
where 2D is the relative diffusion coefficient for a pair of
particles. Consider the stationary state %—f =0, Eq. (Bl) is

reduced to the Poisson equation: V2C = 0. Further, consider
one particle stationary at O with a radius 2R, and another
point particle diffuses within the disk of radius ﬁ Then
C(r) = C(r). The Poission equation can be expressed as

1d[| d

;d—r[rd—rco)] =0 (B2)

with a normalization condition,

/‘/”T() dr2mrCery = 1. (B3)
2R,

1. Diffusion-limited aggregation

For DLA, we know that C(2R,) = 0. Equation (B2) then
can be solved as

r
Cr)=cln—, B4
(n=c n2R,, (B4)

where ¢ is a constant and can be determined from the
normalization condition [see Eq. (B3)] as

1 1

- =—[—In(47R3Cy) — 1 + 47 R2Cy].

c 2C0[ ( 14 0) P O]
Since we only consider the case of the dilute particle
concentration, R,z,Co <« 1, we can estimate ¢ as

1 1
-~ —[—In(47R*Co) — 1].
c 2C0[ ( 14 0) ]
Hence, the particle aggregation rate kpj , can be determined
by
# of particles flowing into the inner boundary (r = 2R))

per unit time

d
= 27r(2Rp)(2D)d—C(2Rp)
r
=4m Dc
_ 87 DCy
—1In (471R12,C0) -1
= kPj A Co-
We then find that
87D

k&, = B5S
PR —In(4m R2Co) — 1 ()
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or
1 _ - In (47reR12)C0)
k]%III_ACQ 87TDCO

Here we derived Eq. (4). The well-known three-dimensional
result is Tpny = 1

DLA = (B6)

8T DCyRp "

2. Reaction-limited aggregation

For the case of RLA, the boundary condition is, instead of
C(2R),) =0,

271(2R,,)(2D)[%C(2Rp) = k[L27(2R,)C(2R,)].
(B7)

The left-hand side is the number of particles flowing into the
inner boundary (r = 2R,) per unit time or the number of
binding reactions per unit time. The right-hand side is the
number of particles in the reaction region, which has the
reaction thickness L, times the reaction efficiency, k,. Equation
(B2) then can be solved as

o ,1 r + D ,
r=cIn|— c
2R, Rk, L ’

(B8)

where ¢’ is a constant and can be estimated from normalization
condition [see Eq. (B3)] as

Lo L In(47RCo) — 1 | + 2D
A —In — .
¢ 2C, THpto R kL
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Similarly, we can find that

# of particles flowing into the inner boundary (r = 2R))

per unit time

d
= 2n(2Rp)(2D)d—C(2Rp)
r
=4nDc
_ 87TDCO
[-In (471R12,C0) - 1]+ _RikD,L
= kp1 4 Co.
We then find that
8D
on
RLA = 2D (B9)
[~ In (47 RZCo) — 1] + Rk L
or
1 ,
TRLA = Tor =~ = TDLA T+ T—, (B10)
kRLACO 47TRPLC0

where t, = 1/k,. Here, we derived Eq. (3).

Note that kgj , is reduced to k) , as k, approaches infinity.
This is consistent with our intuition: the diffusion-limited
aggregation can be considered the reaction-limited aggregation
with the infinitly strong binding reaction.

APPENDIX C: LIST OF TIMES

Times

Definition

Time scales

DLA Time for diffusion-limited aggregation. The characteristic time for colloidal aggregation assuming
particle stick as soon as they collide. From Smoluchowski tp 4 =

dimensions. For two dimensions see Eq. (4) and Eq. (B6).
TRLA Reaction-limited aggregation. Time for colloidal aggregation when particles must have several encounters

before they stick. See Eq. (B10).

T Aggregation time for colloidal particles. T = tpa if 7. > 7. T = rea if 7,

See Eq. (1), Eq. (3), and Eq. (9).

T, Collision time. Time that diffusing particles remain within an interaction distance, a distance in which

Minutes to hours

1
DR,y for three

Hours to months

<7z,

~

Minutes to months

10 ms to 100 ms

they can bind. In our case, it is the time for particles to diffuse a distance L. See Ref. [16].

7, Reaction time. Time for complementary colloidal particles to bind when they are held within an interaction

10msto10s

distance, a distance in which they can bind. In our case, 7, & 1,/Ng where N is the number of ways

they can bind.

T Hybridization time. Time for a pair of complementary DNA strands on complementary particles to bind

1sto10s

when the particles are held within an interaction distance, and distance in which binding

can occur. See Eq. (7).

T Rotational search time. Time for a pair of complementary DNA sticky ends on complementary particles to

0.1 ms to 1 ms

encounter each other as their “backbones,” double stranded DNA attached to the complementary surfaces,

undergo rotational diffusion. See Eq. (5).

T Rotational transit time. Time that a pair of complementary sticky ends to stay within their interaction zone,

0.1 us

roughly their gyration radius, before they diffuse away by the rotational diffusion of their

“backbones.” See Eq. (6).

TDNA Hybridization time for a pair of DNA “sticky ends” when they are held within their gyration

100 pus to 10 ms

radius R,. Here we consider just the “sticky ends” not attached to any construct or surface freely diffusing

in solution. See Eq. (8).
(0)

TpHNA Similar to Tpna but considered in the limit of uncharged or completely screened “sticky end” molecules.

See Eq. (8).

1 usto 100 us
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